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Acoustic-gravity waves (AGWs) in an inhomogeneous atmosphere often have caustics, where the
ray theory predicts unphysical, divergent values of the wave amplitude and needs to be modified.
Unlike acoustic waves and gravity waves in incompressible fluids, AGW fields in the vicinity of a
caustic have never been systematically studied. Here, asymptotic expansions of acoustic gravity
waves are derived in the presence of a turning point in a horizontally stratified, moving fluid such
as the atmosphere. Sound speed and the background flow (wind) velocity are assumed to vary grad-
ually with height, and slowness of these variations determines the large parameter of the problem.
It is found that uniform asymptotic expansions of the wave field in the presence of a turning point
can be expressed in terms of the Airy function and its derivative. The geometrical, or Berry, phase,
which arises in the consistent Wentzel–Kramers–Brillouin approximation for AGWs, plays an im-
portant role in the caustic asymptotics. In the dominant term of the uniform asymptotic solution,
the terms with the Airy function and its derivative are weighted by the cosine and sine of the Berry




Acoustic-gravity waves (AGWs) are mechanical waves
in fluids in a gravity field, which are supported by restoring
forces due to fluid buoyancy and compressibility.1–3 AGWs
reduce to gravity waves and sound in the limits where one of
the two restoring forces becomes negligible. AGWs play an
important role in the dynamics of stars,4,5 as well as Earth
and planetary atmospheres,6–8 couple wave processes in the
solid Earth and the ocean with those in the ionosphere and
thermosphere,9–14 and underlie radar observations of earth-
quakes15,16 and satellite detection of tsunamis.17–20
Much like light and sound, AGWs in an inhomogeneous
atmosphere often have a caustic or caustics. At caustics, the
ray theory predicts unphysical, divergent values of the wave
amplitude and needs to be modified. Increase of the wave
magnitude in the vicinity of a caustic makes such regions of
primary interest in a number of problems where a signal needs
to be separated from background noise. The value of wave fo-
cusing near caustics should be carefully quantified in order to
evaluate possible nonlinearities promoted by the focusing.
Physical understanding of the wave field in the vicinity of a
caustic is also important for modeling the wave reflection
from and transmission through the caustic into the shadow,
where the ray theory predicts zero wave amplitude. To our
knowledge, in contrast to acoustic,21,22 electromagnetic,23–25
and seismic26 waves, as well as gravity waves in incompressi-
ble fluids,27,28 the asymptotics of AGW fields in the vicinity
of a caustic have never been studied systematically.
Our goal is to fill this gap. Here, we consider the relatively
simple case of linear, continuous AGWs with harmonic
dependence on horizontal coordinates in a layered moving
fluid. (In application to atmospheric waves, the fluid will be an
ideal gas of variable composition.) In this problem, caustics
are horizontal planes where the vertical component of the
wavevector is zero. The points in such planes are usually
referred to as turning points. Sound speed and the background
flow velocity are assumed to be gradually varying functions of
height, and slowness of these variations determines the large
parameter of the problem. The scale height of the atmosphere
can be large or small compared to the vertical wavelength.
We will show that the uniform asymptotic expansion of
the wave field in the presence of a turning point can be
expressed in terms of the Airy function21,29 and its deriva-
tive. As for acoustic and electromagnetic waves, the argu-
ment of the Airy function depends only on the eikonal
calculated in the ray, or Wentzel–Kramers–Brillouin
(WKB), approximation. Although the WKB solutions are
not applicable near the turning point, they prove to contain
all the information that is necessary to calculate the ampli-
tudes of the first- and higher-order approximations in the
uniform asymptotic expansion. The geometrical, or Berry,
phase, which arises in the consistent WKB approximation
for AGWs,30 plays an important role in the turning point
asymptotics. In the dominant term of the uniform asymptotic
expansion for the wave-induced pressure perturbations in a
fluid parcel, the terms with the Airy function and its deriva-
tive are weighted by the cosine and sine of the Berry phase,
respectively. We will show that, in the limit of vanishing
buoyancy, the uniform asymptotic solution for the AGW
field reduces to textbook results21,22 for sound fields in the
vicinity of a turning point in motionless and moving fluids.
The paper is organized as follows. Section II briefly
reviews the equations, which govern linear AGWs in aa)Electronic mail: oagodin@nps.edu
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moving layered fluid, and their asymptotic solutions that are
valid away from turning points. Asymptotic expansions of
solutions of an AGW wave equation, which are uniformly
valid at, close to, and away from a turning point, are derived
in Sec. III. Various limits of the uniform asymptotic solu-
tions are considered in Sec. IV where we also compare the
new AGW theory to well-known results for acoustics waves.
Properties of AGW fields in the vicinity of a turning point
are discussed in Sec. V. Section VI summarizes our findings.
II. THEORETICAL BACKGROUND
A. Governing equations
Consider continuous linear waves in a compressible fluid
in a uniform gravity field with acceleration g. Introduce a
Cartesian coordinate system with horizontal coordinates x and
y and a vertical coordinate z increasing upward. In this coordi-
nate system g¼ (0,0,–g). Let the fluid be horizontally stratified
and flow horizontally in the absence of waves, with the back-
ground pressure p0, density q, sound speed c, and flow (wind)
velocity u¼ (ux,uy,0) being functions only of the vertical coor-
dinate z. Then p0 and q are related by the hydrostatic equilib-
rium equation dp0=dz ¼ "qg; while c(z) and u(z) can be
arbitrary.31 We will assume that the functions q(z), c(z), and
u(z) are smooth and the background stratification is hydrody-
namically stable. We neglect the Earth’s rotation and curvature,
which makes the theory inapplicable to atmospheric waves
with periods longer than a few hours. We will disregard irre-
versible thermodynamic processes associated with viscosity,
thermal conductivity, and diffusion. The wave dissipation that
results from these irreversible processes is discussed in Ref. 32.
In stratified media, wave fields can be represented as a
superposition of waves with harmonic dependence exp(ik # r
– ixt) on horizontal coordinates and time t. Such waves are
sometimes referred to as quasi-plane waves.21 Here,
k¼ (kx,ky,0) and x are the horizontal wavevector and wave
frequency and r¼ (x,y,z). Below, the dependence exp(ik # r
– ixt) of the wave-induced pressure p, fluid velocity pertur-
bations v, etc., on horizontal coordinates and time will be
assumed and suppressed. In quasi-plane waves, the vertical

























Here N and xd are the buoyancy, or Brunt–V€ais€al€a, fre-
quency and the Doppler-shifted, or intrinsic, wave fre-
quency, respectively,
N2 ¼ "g2c"2 " gq"1dq=dz; xd ¼ x" k # u: (2)
The intrinsic frequency has the meaning of the wave fre-
quency in a reference frame uniformly moving with the local
background flow. Unlike x, xd is a function of z.
The wave-induced Lagrangian pressure perturbation1,22,31
~p ¼ "iqc2x"1d r # v¼ p" iqgx
"1
d vz (3)
is the pressure perturbation in a moving fluid parcel as
opposed to the (Eulerian) pressure perturbation p at a fixed





q x4d " g2k2


















The one-dimensional wave equations (1) and (4) are consist-
ent with the more general three-dimensional wave equations
for AGWs in moving fluids.33–35
All characteristics of the wave field, including power
fluxes, density perturbations, displacement of fluid parcels,
etc., can be expressed in terms of solutions to Eqs. (1) and
(4). For instance, wave-induced perturbations in the flow ve-




















gk2 ~p þ x2dd ~p=dz
q x4d " g2k2
! " (6)
in terms of the Eulerian and Lagrangian pressure perturba-
tions, respectively.30,31 Here ẑ is a unit vector parallel to the
Oz coordinate axis.
No specific form of the equation of state of the fluid is
assumed in the derivation of Eqs. (1) and (4).30 Below, we
assume the fluid to be an ideal gas. From the hydrostatic
equilibrium equation and the equation of state of an ideal
gas, it follows1,36 that


















c2 ¼ cp0=q ¼ cRT=l; h ¼ c2=cg; (8)
and T, R, l, and c are the absolute temperature of the gas,
the universal gas constant, the molecular weight, and the ra-
tio of specific heats at constant pressure and constant vol-
ume, respectively. The quantity h is usually referred to as the
scale height of the atmosphere. Note that the wind velocity
profile does not affect the background pressure and density
profiles, Eq. (7). It is important to keep in mind that the
height dependencies of various environmental parameters
generally have rather distinct spatial scales. For instance, in
an isothermal atmosphere of constant composition, where
representative spatial scales of T, c, h, l, and c variation
would be infinite, the background pressure and density
decrease with height as exp(–z/h) according to Eq. (7).
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B. The WKB approximation
Asymptotic solutions of the AGW wave equation can be
obtained when the sound speed, wind velocity, and composi-
tion of the propagation medium change gradually and slowly
with height z. An asymptotic solution, which represents the
first and all higher orders of the WKB approximation, has
been recently systematically derived in Ref. 30. This solu-
tion does not suffer from any of the ambiguities or contradic-
tions previously asserted in the literature.3,6,37,38 These
ambiguities and contradictions were demonstrated to result
from unnecessary assumptions3,6,37–39 about the form of the
WKB solutions which proved to be incompatible with the
physics of AGWs.30 In this section, we briefly reproduce a
part of the WKB analysis in Ref. 30 to introduce the concept
of the AGW dispersion relation, define AGW turning points,
and set the stage for an investigation of the AGW field in the
vicinity of a turning point.
We assume that the spatial scale L of variations of the
sound c, flow velocity u, and medium composition is large.
No restrictions are placed on the magnitude of the scale
height h and, consequently, on the scale of the p0 and q
variations. To formalize the assumption that c, u, and h
have a spatial scale L, it is convenient to consider these
quantities to be smooth functions of the dimensionless vari-
able f¼ z/L.
The WKB approximation is obtained30 by looking for
an asymptotic solution, which is valid at large L (formally, at
L!1), in the form















where fn are unknown functions of a single variable f. These
functions are found from the requirement that Eq. (9) satis-
fies the wave equation, Eq. (4), to all orders in L"1,






























































When the series in the exponent in Eq. (9) converges, Eqs.
(9)–(12) provide an exact solution to the wave equation.
WKB approximations of various order are obtained by
truncating the asymptotic series in Eq. (9) after a finite num-
ber of terms. The first WKB approximation
~p zð Þ ¼ ~p 0ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qm 0ð Þ x2d " g2k2x"2d
! "























is obtained by retaining only the terms with f0 and f1.
30 An
equivalent expression for the first WKB approximation was
also obtained in Ref. 46. As illustrated by Eqs. (15) and (16),
the asymptotic solutions are independent of the exact defini-
tion of the scale L. Equations (15) and (16) describe two lin-
early independent solutions of the wave equation that have
the physical meaning of waves propagating up and down






serves as the eikonal, and m is the vertical component of the
wavevector (kx,ky, 6 m). Unlike k, m varies with height.
Equation (13), which relates the wavevector to the wave
frequency and environmental parameters, is the dispersion
equation of AGWs. For AGWs with a given k, m in Eq. (13)
becomes large and we have a short-wave regime for the verti-
cal dependence of the wave field in the two opposite limits
where xd is either large or small. Note that all quantities in
the dispersion equation are O(L0), i.e., the wavevector
depends on the local values of the environmental parameters
but not on their gradients. In a fluid, where c, u, and h are in-
dependent of height (in particular, in an isothermal ideal gas
with constant l and c), N0 coincides with the buoyancy fre-
quency N, and the AGW dispersion equation (13) reduces to
the well-known dispersion equation, which was obtained1,3,36
for exact plane-wave solutions. In a non-isothermal atmos-
phere, N0 in the dispersion equation differs from the buoyancy
frequency; N2 ¼ N20 þ gh"1dh=dz according to Eq. (2). It
follows from Eq. (13) that, in a stably stratified fluid with
N20 > 0; propagating AGWs, i.e., waves with a real-valued
wavevector, exist when either jxdj<N0 or jxdj>X
) c/2 h.1,3,30 In ideal gases X¼ cg/2 c and N20 ¼ ðc" 1Þg2=c2
according to Eqs. (8) and (13). Since 1< c< 2 in ideal gases,
we have 0<N0<X. Waves with jxdj>X and jxdj<N0
form two non-overlapping branches of atmospheric AGWs:
the acoustic branch and the buoyancy branch, respectively.3
The sign of the vertical component of the wavevector
may change at the height z¼ zt where zt is the turning point of
the wave and is determined by m(zt)¼ 0. In the atmosphere,
turning points can occur due to variations in air temperature
and/or wind velocity with height. According to Eq. (13), posi-
tion and existence of turning points depend on the wave fre-
quency and horizontal wavevector k. In a generic situation
where zeros of functions m2(z) and dm2/dz do not coincide, a
turning point separates the region where m2> 0 and AGWs
are propagating waves from the region where m2< 0 and
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AGWs are inhomogeneous quasi-plane waves. The inhomo-
geneous wave is generally a superposition of waves with
imaginary vertical components 6ijmj of the wavevector, with
the amplitude of the latter waves exponentially decreasing
and exponentially increasing with height z, respectively.
The phase of a propagating AGW in Eq. (15) is a sum of
the eikonal and an additional height-dependent term v. The addi-
tional phase term, Eq. (16), is non-zero when the scale height or
flow velocity vary with z and is usually referred to as geometric,
or Berry, phase. The Berry phase arises in the WKB, or quasi-
classic, solutions of various quantum-mechanical problems,40–42
as well as in the WKB-type approximations for various types of
waves.43–48 When a wave propagates a vertical distance O(L) or
larger, the Berry phase gets an increment O(1) and is indispensa-
ble for the wave field modeling.
Figure 1 shows the Berry phase at an AGW propagation
between heights z¼ 0 and z in an atmosphere with a uniform
wind and a constant chemical composition. For propagation
between arbitrary z1 and z2, the Berry phase increment can be
calculated as v(z2) – v(z1). Note that the Berry phase increment
is O(1) for AGWs on the acoustic branch and can be as large
as 10p on the buoyancy branch (Fig. 1). It follows from Eq.
(16) that in the particular case, where u¼ const and c¼ const,
the phase increment v(z2) – v(z1) in a wave with given x and k
depends on sound speeds at z¼ z1,2 rather than on the details of
the atmosphere stratification between z1 and z2.
30 According to
Eq. (8), the scale height ratio h(z)/h(0) can be also interpreted
as the ratio of absolute temperatures at the two heights or as
c2(z)/c2(0). The range of sound speeds in Fig. 1, from c(0)/1.5
to 2 c(0), is close to the range of deviations of the sound speed
in the real atmosphere from the near-ground sound speed.
The integrand in Eq. (16) is singular at turning points.
However, the integral converges and v remains finite as long
as dm2/dz 6¼ 0 at the turning point. The Berry phase plays an
important role in asymptotic expansions of AGW field in the
vicinity of the turning point, which are discussed in Sec. III.
III. UNIFORM ASYMPTOTIC EXPANSION IN THE
PRESENCE OF A TURNING POINT
We will retain all the assumptions regarding the propaga-
tion environment that were made in Sec. II to obtain the
WKB solutions, and additionally assume that dm2/dz, xd, and
xd
2 – gk are non-zero in the vicinity of a turning point. The
latter assumptions mean that the turning point is not close to
other possible singularities of the WKB solution equation
(15). The analysis in this section largely parallels the deriva-
tion of caustic asymptotics by the reference functions
method22,49,50 in a similar but simpler case of acoustic waves.
A. Representation of asymptotic solutions to the wave
equation
The WKB solutions, Eq. (15), diverge at a turning point
and are inapplicable in its vicinity. Hence, the ansatz (9) is
not suitable in the presence of a turning point. To solve the
wave equation in the vicinity of the turning point, we will be
looking for asymptotic solutions in the form







" iL"1=3Bðf; LÞU0ðsðfÞL2=3Þ+: (18)
Here U(a) is an arbitrary solution of the Airy differential
equation
U00ðaÞ ¼ aUðaÞ; (19)
with prime denoting the derivative of a function of a single
variable with respect to its argument. Any solution of the
Airy equation can be represented as a linear combination of
Airy functions Ai and Bi,
UðaÞ ¼ U1AiðaÞ þ U2BiðaÞ; (20)
where U1;2 ¼ const:21,29 The ansatz (18) inherits the ampli-
tude factor exp ð"0:5L
Ð f
0 df1=hðf1ÞÞ, which accounts for the
possibility of fast variations of density with height from the
WKB ansatz (9), and is otherwise motivated by the known
structure of asymptotic expansions22 of the acoustic field in
the vicinity of a simple caustic. Unlike the WKB ansatz of
Eq. (9), Eq. (18) contains fractional powers of L, the formal
larger parameter of the problem. In Eq. (18), A(f, L), B(f, L),
and s(f) are as yet unspecified smooth functions, with the









Aside from the amplitude factor in front of the square brack-
ets, rapid variations of the wave field are described in Eq.
(18) by the Airy function and its derivative, while A and B
represent slowly varying complex amplitudes.
To determine the unknown functions we substitute
ansatz (18) into the wave equation (4). By taking into
account that d/dz¼L"1d/df and using the Airy equation (19)
to express U/// and U// in terms of U/ and U, after tedious but
simple algebra Eq. (4) becomes
Q1UðsL2=3Þ " iL"1=3Q2U0ðsL2=3Þ ¼ 0; (22)
where
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Note that if one interchanges A and B in Q2, the result
becomes similar to Q1. This symmetry will be exploited in
Sec. III B.
The wave equation will be satisfied at all s if
Q1 ¼ Q2 ¼ 0: (25)
Note that Eqs. (23)–(25) do not contain fractional powers of
L, making it possible for asymptotic series equation (21) to
meet Eq. (25).
B. The Airy function argument and amplitudes
of various approximations
We substitute Eq. (21) into Eq. (23) and equate to zero
the coefficients of L–n, n¼"1,0,1,2,… in the resulting
power series for Q1 and Q2. At n¼"1, Eq. (25) gives
"sðds=dfÞ2 ¼ m2: (26)
At n¼ 0,1,2,…, from Eqs. (23)–(26) we obtain a set of




























































Here A–1 ) B–1 ) 0.
Equation (26) is a first-order ordinary differential equa-
tion for s(f) and is readily integrated. Let z¼ zt be a turning
point and ft¼ zt /L. Then m2(ft)¼ 0 and s(ft)¼ 0 for any
smooth s(f) according to Eq. (26) and m2/s , 0 for real-
valued s(f). With this in mind, a real-valued solution of Eq.
(26) can be written as








sgn m2 fð Þ: (29)
Here sgn a is 1 when a> 0, and "1 when a< 0. Note that
s(f), as given by Eq. (29), is a smooth function, and ds/
df¼O(1) despite m(f) having a square-root singularity at
the turning point.
To solve simultaneous Eqs. (27) and (28), we introduce
new dependent variables an and bn, which are defined by the
equations
An ¼ ð"sÞ1=4ðan þ bnÞ; Bn ¼ ð"sÞ"1=4ðan " bnÞ;
n ¼ 0; 1; 2; … : (30)
We substitute Eq. (30) into Eqs. (27) and (28) and calculate
















































































Equations (31) and (32) are first-order linear ordinary differ-
ential equations for an and bn, respectively. These equations
are readily solved analytically provided the right-hand sides
are known.
FIG. 1. (Color online) Geometric, or Berry, phase of AGWs propagating in an atmosphere with a uniform wind. The geometric phase v(z) is shown in radians
as a function of the angle h (in radians) between the wind velocity u and the horizontal wavevector k and the parameter h(z)/h(0)¼ c2(z)/c2(0). (a) AGWs on
the buoyancy branch; kg/x2¼ 20, kh(0)¼ 2; (b) AGWs on the acoustic branch; kg/x2¼ 0.6, kh(0)¼ 0.55. In both cases, wind velocity u¼ 0.3x/k; the ratio of
specific heats at constant pressure and constant volume c¼ 1.4.
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At n¼ 0, the right-hand sides in Eqs. (31) and (32) equal






















according to Eqs. (16) and (26), we find from Eqs. (31) and
(32) that
a0 ¼ q 1ðmrÞ"1=2 exp ð"ivtÞ; b0 ¼ q 2ðmrÞ
"1=2 exp ðivtÞ:
(34)
Here q 1 and q 2 are arbitrary constants;
vt ¼ a½vðfÞ " vðftÞ+ (35)
is a deviation of the Berry phase from its value at the turning
point. In the turning point vicinity, vt is real when m
2> 0,
and purely imaginary when m2< 0.
For the amplitude function B0 to remain bounded at the
turning point, it is necessary that q 1¼ q 2. Then, Eqs. (30)
and (34) give
A0 ¼ 2q 1ð"sÞ1=4ðmrÞ"1=2 cos vt;
B0 ¼ "2iq 1ð"sÞ"1=4ðmrÞ"1=2 sin vt: (36)
The amplitude functions A0 and B0 are now determined
uniquely up to a common factor q 1. It follows from Eq. (33)
that A0 and B0, as given by Eq. (36), are smooth functions of
f and assume finite non-zero values at the turning point.
With A0 and B0 known, Eqs. (31) and (32) can now be
solved for a1 and b1 and, using Eq. (30), the amplitude func-
tions An and Bn can be found iteratively for arbitrary
n¼ 1,2,….
C. Dominant terms of the asymptotic expansion
When only the first term is retained in each of the as-
ymptotic series, Eq. (21), for slowly varying amplitudes A
and B, Eq. (18) represents the AGW field with accuracy to a
factor 1 þ O(L"1). From Eqs. (18) and (36) we find




















In Eq. (37), s is defined by Eq. (29). The factor 2q 1, which
appears in Eq. (36), is absorbed into the solution U of the
Airy equation. Of course, ~P0, the dominant term of the as-
ymptotic expansion of the AGW field in the vicinity of a
turning point, does not depend on the exact definition of the
scale L. From Eqs. (17), (29), (33), and (37) it follows that














2ð"TÞ3=2=3 ¼ ut; ut ¼ a½uðzÞ " uðztÞ+: (39)
Equations (38) and (39) contain neither L nor f. According
to the definitions equations (17) and (33) of the phase inte-
gral and the parameter a, in the turning point vicinity ut> 0
and T< 0 when m2> 0. When m2< 0 and waves are inhomo-
geneous (evanescent), ut¼ –i jut j and T> 0.
Figure 2 illustrates the variation of the AGW field with
height in the vicinity of a turning point in a realistic model
of the atmosphere. The wind velocity and temperature pro-
files [Fig. 2(a)] are generated by the Whole Atmosphere
Model,51 or WAM, for the vicinity of the Eyjafjallaj€okull
volcano in Iceland.52 We assume that the ratio of specific
heats at constant pressure and constant volume c¼ 1.4. In
the example considered, a quasi-plane AGW has a frequency
of 2 mHz, and its trace on a horizontal plane propagates
from west to east with the phase speed C¼ 50 m/s. The turn-
ing point is located at the height zt¼ 106.04 km and a¼"1
[Fig. 2(b)]. In Figs. 2(c) and 2(d), the uniform asymptotic so-
lution for the wave field is given by Eqs. (20), (38), and (39)
with U1¼ 1, U2¼ 0. According to Eq. (49), the AGW ampli-
tude decreases exponentially with height at z> zt when
U2¼ 0. Physically, such a choice of constants U1,2 corre-
sponds to a situation in which AGW sources are located
below the turning point. The WKB solutions equations (60)
and (61), which are also shown in Figs. 2(c) and 2(d), are
calculated using Eqs. (53) and (54) as discussed in Sec. IV C
below. In Fig. 2, we show the vertical dependence of the
reduced Lagrangian pressure q"1=2 ~p rather than the
Lagrangian pressure ~p so that the wave amplitude variation
is not overshadowed by the rapid decrease of the background
air density with height. (Note that wave-induced pressure
perturbations, velocity and displacement of fluid parcels, and
wave energy density are proportional to q1=2; q"1=2; and q0;
respectively.) Figure 2(d) shows that, as expected, the wave
field remains finite and has no singularities in the vicinity of
the turning point. As an observation point approaches the
turning point from below, the reduced pressure amplitude
reaches a maximum at z - zt and then rapidly decreases at
larger heights [Fig. 2(c)].
After the asymptotic expansion (18) for the wave-
induced Lagrangian pressure perturbation ~p is constructed,
analogous expansions can be readily obtained for the other
physical characteristics of the AGW field. For instance,
using Eqs. (3), (6), and (37), we find the dominant terms of
the asymptotic expansions for the Eulerian pressure pertur-
bation p and the vertical velocity vz:
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p ¼ 1 þ O L"1ð Þ
' (
P0; vz ¼ 1 þ O L"1ð Þ
' (
V0;









( cos vt " aM2 sin vtð ÞU Tð Þ
'
" sin vt þ aM2 cos vtð Þ "Tð Þ
"1=2
U0 Tð Þ+; (40)
and







"Tð Þ1=4 M1 " 1ð Þcos vt½
-
" aM1M2 sin vt+ ( U Tð Þ " M1 " 1ð Þsin vt½
þ aM1M2 cos vt+ "Tð Þ
"1=2









Note that, for the purposes of calculation of the dominant
term of an asymptotic expansion of d ~p=dz in Eq. (6), it is
sufficient to differentiate only the rapidly varying functions
U, U /, and exp ð"0:5L
Ð f
0 df1=hðf1ÞÞ in Eq. (37).
Asymptotic expansions for various AGW field charac-
teristics have the same structure as the expansion for ~p, but
the slowly varying amplitudes are specific to the physical
property considered.
IV. PROPERTIES AND COROLLARIES OF THE
ASYMPTOTIC SOLUTIONS
Other than requiring m2(z) to be a monotone function,
no assumptions were made in Sec. III that would restrict
applicability of the asymptotic solutions (18), (38), (40), or
(41) to a small vicinity of the turning point. Asymptotic solu-
tions, which are valid both close to and away from a singu-
larity are referred to as uniform asymptotics.21,22 The
uniform asymptotics can be simplified considerably if the
FIG. 2. (Color online) Uniform and
WKB asymptotics of AGW field in a
real atmosphere. An example of the
profiles of the sound speed c and the
zonal (from west to east) ux and the
meridional (from south to north) uy
components of the wind velocity that
were predicted by the WAM (a).
Vertical wavenumber squared, m2, in
an AGW with frequency 2 mHz and
the trace velocity xk/k2¼ (C,0,0),
C¼ 50 m/s. m2 is normalized by the
horizontal wavenumber squared.
Position of the turning point zt is indi-
cated (b). The WKB (dashed curve)
and uniform (solid curve) asymptotics
of the vertical dependence of the
wave-induced variations in the normal-
ized Lagrangian pressure, q"1=2 ~p; are
shown in arbitrary units (c). Details of
the WKB (dashed curve) and uniform
(solid curve) solutions in the vicinity
of the turning point zt (d). (b)–(d) refer
to the same quasi-plane AGW in an
atmosphere with the physical parame-
ters that are illustrated in (a).
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attention is restricted to either a small vicinity of the turning
point (Sec. IV A) or points away from the turning point
(Secs. IV B and IV C). Significant simplifications also occur
in the limit g! 0 (Sec. IV D). Analysis of this limit provides
an opportunity to compare AGW asymptotics to extensively
studied asymptotic expansions of acoustic fields.
A. Local asymptotic solution for the AGW field
near a turning point
Consider the vicinity
jz" ztj. L (43)
of a turning point that is small compared to the spatial scale
of the variations of the sound speed, flow velocity, and fluid
composition. In this region jf– ft j.1, and xd, r, m2, and
other functions of f can be represented by their Taylor
expansions at the turning point. Retaining only the first non-
vanishing terms of the respective Taylor expansions, from
Eqs. (29), (33), and (35) we find approximately





ð"sÞ"1=2 sin vt ¼ s"21 s2: (44)
























Then the dominant term, Eq. (37), of the asymptotic expan-










U "aL2=3s1 f" ftð Þ
! "'
" L"1=3s"21 s2U
0 "aL2=3s1 f" ftð Þ
! "
+ (46)
This result has the meaning of a local asymptotic of the
AGW field, i.e., an asymptotic solution that is valid in the
immediate vicinity of the turning point. The local asymptotic
becomes invalid when jz – ztj reaches values O(L) or larger.
Note that under assumption (43) the argument of the Airy
function in Eq. (46) takes all the values between certain posi-
tive and negative limits, which are proportional to L1/3 and
are large compared to unity.
Equations (44)–(46) illustrate the fact that the amplitude
functions A and B, as well as the argument s of the Airy
function in Eqs. (18) and (37), are smooth functions of f de-
spite m and vt having square-root singularities at f¼ ft.
In terms of the dimensional coordinate z, the local as-
ymptotic solution equation (46) becomes
~P0 zð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x4d zð Þ " g2k2
' (
q zð Þ
x2d zð Þq 0ð ÞS1
s


























 !" #( )
z¼zt
: (48)
Unlike the uniform asymptotic equation (38), Eq. (47) does
not contain the indeterminate form 0/0 at f! ft and is more
convenient for numerical calculations. The local form of the
uniform asymptotic solutions, Eqs. (40) and (41), for the
Eulerian pressure perturbations and vertical velocity are sim-
ilar to Eq. (47) and are not shown here for brevity.
B. Relation between the turning point asymptotics and
the WKB approximation
In addition to the immediate vicinity of the turning
point, the uniform asymptotic expansion equation (18) can
be simplified in the opposite case where the field point is
away from zt. When the absolute value of their argument is
large compared to unity, Airy functions can be replaced by
their asymptotic expansions21,29



















; w ¼ 2
3
T3=2; (49)
Ai Tð Þ ¼ "T
ð Þ"1=4
p1=2









Bi Tð Þ ¼ "T
ð Þ"1=4
p1=2























at T> 0 and T< 0, respectively. Coefficients dn, n¼ 1,2,…
can be found in Refs. 21 and 29. Note that according to Eq.
(29), w ¼ Lj
Ð f
ft
mðf1Þ df1j for the Airy functions in Eq. (18).
When
L2=3jsj/ 1; (51)
from Eqs. (18), (20), (49), and (50) we obtain









m f1ð Þ df1
 !"
þ W2 exp "iL
ðf
ft
m f1ð Þ df1
 !#
; (52)
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where W1,2 are series in integer powers of L
"1. W1,2 are lin-
ear combinations of the amplitude functions A and B in Eq.
(18) that are multiplied by D1, D2, and similar power series
in L"1, which emerge from the asymptotic expansions (49)
and (50) of Airy functions and their derivatives. Comparison
of Eq. (52) with the WKB ansatz (9) and Eq. (10) shows that
the turning point asymptotic solution, Eq. (18), reduces to
the WKB asymptotic expansion when the condition (51) is
met. Moreover, having established (Sec. III) that Eq. (18)
satisfies the wave equation, Eq. (52) can be used to express
amplitudes An and Bn, n¼ 0,1,2,…, in Eq. (21) in terms of
the WKB phase functions fj, Eqs. (10)–(12), of various
orders. For brevity, a more detailed discussion below will be
limited to dominant terms of the asymptotic expansions
only.
Comparison of Eqs. (15)–(17) with Eq. (34) shows that
the functions b0 and a0, which were used in Sec. III to calcu-
late the dominant terms of asymptotic series (21), have the
physical meaning of the complex amplitudes of AGWs with
eikonals 6ut in the first WKB approximation. According to
Eqs. (29) and (30), the WKB solutions—while singular at
the turning point and inapplicable in its vicinity—contain all
the information that is necessary to construct the uniformly
valid asymptotic solution.
When the inequality (51) is satisfied and m2> 0, using
Eqs. (20) and (50) to simplify the uniformly valid asymptotic
solution equation (38), we find













Equation (53) describes the AGW field with accuracy to the
factor 1 þ O(L"1) on the “lit” side of the turning point where
AGWs are propagating. When the inequality (51) is satisfied
and m2< 0, from Eqs. (20), (38), and (49) we find









( U1e"iut"ivt þ 2U2eiutþ ivt
! "
: (54)
Equation (54) describes the AGW field with accuracy to the
factor 1 þ O(L"1) on the “shadow” side of the turning point,
where AGWs are inhomogeneous (evanescent). Recall that
both ut and vt are purely imaginary and ut¼"i jut j when
m2< 0. Comparison of Eqs. (53) and (54) with Eqs.
(15)–(17) confirms that, away from the turning point, the
dominant term of the uniform asymptotic solutions reduces
to the previously studied30 solutions in the first WKB
approximation.
An analysis of the limiting forms at jTj /1 of the uni-
form asymptotic solutions for other characteristics of the
AGW field, such as Eqs. (40) and (41), leads to the same
conclusion. Moreover, the amplitudes of various field char-
acteristics prove to be consistent with previously established
polarization relations for AGWs in non-isothermal
atmosphere.30 Consider, for instance, vertical velocity. From
the uniform asymptotic solution equation (41) and the Airy
functions’ asymptotic expansions equations (49) and (50),
after some algebra we obtain







( U1 þ iU2ð Þ M1 " 1 þ iaM1M2ð Þeiutþ ivt
' "
þ iU1 þ U2ð Þ M1 " 1" iaM1M2ð Þe"iut"ivt +;
(55)







2U2 M1 " 1 þ iaM1M2ð Þ½
( eiutþ ivtÞ þ U1 M1 " 1" iaM1M2ð Þe"iut"ivt +
(56)
at m2> 0 and m2< 0, respectively. For quasi-plane waves









at both positive and negative m2. The asymptotic equation
(57) agrees with the exact equation (6) and coincides with
the respective WKB polarization relation.30
Since the uniform asymptotic expansion reduces to the
WKB solutions when the inequality (51) is met, the latter
serves as a sufficient condition of validity of the WKB
approximation in the vicinity of a turning point and deter-
mines the range of heights where the WKB solutions do not
reproduce the AGW field. Using Eqs. (29) and (39), Eq. (51)






Equation (58) coincides with the validity condition of the
first WKB approximation in the turning point vicinity, which
was obtained in Ref. 30 from different considerations.
Using the Taylor-series expansion of m2(z) at z¼ zt, Eq.
(58) can be recast as S1jz – zt j / 1, where S1 is defined in
Eq. (48), or
jz" ztj/ ðm"20 LÞ
1=3: (59)
Here m0 is a representative value of jmj away from the turn-
ing point. Since m0L / 1, Eq. (59) shows that the range of
heights around the turning point, where the WKB approxi-
mation is inapplicable, is small compared to the spatial scale
of sound speed and flow velocity variations [Figs. 2(c) and
2(d)]. Validity domains, Eqs. (43) and (59), of the local turn-
ing point asymptotic, Eq. (47), and the WKB approximation
overlap. Hence, a combination of three local asymptotic sol-
utions (the local turning point asymptotic discussed in Sec.
IV A and the WKB solutions at m2> 0 and m2< 0) is suffi-
cient to replace the uniform asymptotic expansion (Sec. III)
and to describe the AGW field everywhere. The combination
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of the local asymptotics may be preferable in numerical sim-
ulations; the uniformly valid asymptotic solution is usually
more convenient in analytical studies.
C. AGW reflection from and penetration beyond a
turning point
Here we consider the AGW field at heights sufficiently
distant from zt that the inequality (58) is met. According to
Eqs. (15), (35), and (39), in the first WKB approximation the




ðx2d " g2k2x"2d Þq=m
q
( ðC1eiutþ ivt þ C2e"iut"ivtÞ ; m2 > 0 (60)
of two propagating quasi-plane waves on the “lit” side of a
turning point and two inhomogeneous quasi-plane waves
~pðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2d " g2k2x"2d Þq=m
q
( ðC3eiutþ ivt þ C4e"iut"ivtÞ ; m2 < 0 (61)
on the “shadow” side. Here C1,2,3,4 are complex-valued con-
stants that determine amplitudes of the respective waves. As
ut¼ –i jut j at m2< 0, the wave with amplitude C3 is expo-
nentially growing into the shadow zone, while the wave with
amplitude C4 is exponentially decaying. Since the wave equa-
tion (4) is a linear, second-order ordinary differential equation,
its general solution contains only two independent constants;
setting C1 and C2 should determine C3 and C4, and vice versa.
The domains of validity of Eqs. (60) and (61) do not intersect,
and the relation between the four constants cannot be estab-
lished by directly matching the two WKB solutions.
Equations (60) and (61) are two local asymptotics of the
same AGW field. As in the acoustic case,21 we employ a uni-
formly valid asymptotic solution to relate the WKB amplitudes
C1,2,3,4. The uniform asymptotic contains two arbitrary constants
U1,2 [see Eq. (20)]. By using Eqs. (53) and (54) to express
C1,2,3,4 in Eqs. (60) and (61) in terms of U1 and U2, we find
C3 ¼ C1 þ iC2; C4 ¼ ðiC1 þ C2Þ=2: (62)
For AGWs with harmonic dependence on horizontal
coordinates and time, wave energy conservation law22,53
requires that the vertical component of the power flux
Iz¼Re(p*vz) be independent of height. (Here and below, as-
terisk denotes complex conjugation.) In the first WKB
approximation, the power flux Iz¼x sgn(xd2 – g2k2)(jC12j
– jC22j) at m2> 0 and Iz¼ 2x sgn(xd2 – g2k2)Im(C3*C4) at
m2< 0.30 In inhomogeneous AGWs, as for sound,54 non-zero
power flux results from interference of two evanescent waves
that exponentially decrease and exponentially increase with z
and have the same horizontal wavevector k.12
In order for AGW energy to be conserved, the vertical
components of the power fluxes on the “lit” and “shadow”
sides of the turning point need to be equal and, hence,
jC21j" jC
2
2j ¼ 2 ImðC
0
3C4Þ: (63)
From Eq. (62) we find 2C3
*C4¼ ijC12j – i jC22j þ (C1C2*
þ C1*C2), where the quantity in the parentheses is real. Thus,
Eq. (62) ensures that AGW energy is conserved.
Consider a particular case where a quasi-plane wave
propagates toward and is reflected from a turning point. We
assume that m2 remains negative behind the turning point.
For AGW field to remain bounded in the shadow zone,
only the evanescent wave, which is exponentially decreas-
ing with distance from the turning point, can be present,
i.e., C3¼ 0 in Eq. (61). Then Iz¼ 0 and all the energy in
the incident AGW is reflected from the turning point. From




ðx2d " g2k2x"2d Þq=m
q
( ðeiutþ ivt"ip=2 þ e"iut"ivtÞ ; m2 > 0: (64)
Note that absolute values of the complex amplitude of the
incident, reflected, and transmitted evanescent wave are
equal: jC1j¼ jC2j¼ jC4j.
When m2> 0 the signs of the vertical components of the
wavevector and the group velocity coincide for waves on the
acoustic and are opposite on the buoyancy branch of
AGWs.3,30 According to Eq. (39), ut> 0 increases with dis-
tance from the turning point on the “lit” side. Hence,
exp(iut þ ivt – ip/2) in parentheses in Eq. (64) represents the
reflected wave at jxd j>X and the incident wave at jxdj
<N0. Thus, for an observer away from the turning point, the
turning point’s effect on the AGW field is that of a totally
reflecting mirror with a p/2 phase loss for waves on the
acoustic branch and a p/2 phase gain for waves on the buoy-
ancy branch. The phase shift at a turning point has a pro-
found effect on the waveform of a broadband signal.21
D. Sound as a limiting case of AGWs
When there are no external forces, ideal fluids support
only acoustic waves (sound). In the limit g! 0, AGW wave
equations and their solutions should reduce to corresponding
acoustic equations and solutions. This general requirement
can be used to check AGW asymptotics.
Numerous simplifications occur when g ! 0. In the ab-
sence of external forces, p0¼ const in layered moving fluids.21
In the limit g!0, the reciprocal scale height h "1! 0, while
h(0)/h(z) has a finite limit; h(0)/h(z)¼ q(z)/q(0); see Eq. (7).
According to Eqs. (14), (42), and (48), r¼q(0)/q(z)xd2, (M1
– 1)/g! 0, M2 /g! mxd "2, and S2¼ 0 in the acoustic limit.
As g ! 0, the AGW dispersion relation equation (13)
becomes k2 þ m2 ¼ x2dc"2; which is the dispersion equation
of sound in moving fluids.21,22 The Berry phase, Eq. (16), as
well as the difference between the Lagrangian and Eulerian
pressure perturbations vanish when g! 0. For the dominant
terms of the uniform asymptotic expansions, Eqs. (38), (40),
and (41) give





"Tð Þ1=4U Tð Þ ; (65)
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"Tð Þ"1=4U0 Tð Þ : (66)
An inspection shows that Eqs. (39) and (65) for the dominant
term of the asymptotic for the wave-induced pressure pertur-
bations are consistent with earlier results, Eq. (9.2.3) in Ref.
21 and Eq. (6.2.16) in Ref. 22, which were derived for sound
fields. In acoustic waves, vz ¼ ðixdqÞ"1dp=dz:21 Application
of this relation to Eq. (65) gives a result for the dominant
term of the asymptotic for vz that is identical to Eq. (66).
Hence, the uniform asymptotic solutions for AGWs, which
were obtained in Sec. III, agree with earlier results for acous-
tic waves.
Quite similarly, the limit at g ! 0 of the local asymp-
totic solution Eq. (47), ~P0ðzÞ ¼ P0ðzÞ ¼ ½qðzÞ=qð0ÞS1+1=2
(xdðzÞUð"aS1ðz" ztÞÞ; proves to be consistent with local
asymptotic, Eq. (9.2.5) in Ref. 21, of the sound field in an
immediate vicinity of a turning point.
Note that the dominant terms of the local and uniform
asymptotic expansions for pressure in quasi-plane acoustic
waves contain only Airy function U, while the dominant
term of the asymptotic expansion for the vertical velocity,
Eq. (66), contains only U/. This is in contrast to AGWs, in
which the dominant terms, which describe the field with ac-
curacy to the factor 1 þ O(L"1), contain a linear combination
of U and U/; see Eqs. (38), (40), (41), and (47). The differ-
ence is a consequence of the Berry phase being identically
zero for sound waves.
When written in terms of the phase integral, the applic-
ability condition, Eq. (58), of the WKB approximation for
AGWs in the vicinity of a turning point is identical to the
analogous condition, Eq. (8.1.19) in Ref. 21, for sound. The
relation, Eq. (62), between amplitudes of the WKB solutions
on the “lit” and “shadow” sides of a turning point does not
contain g and, as expected, coincides with analogous cou-
pling relations that were previously derived21 for sound.
V. DISCUSSION
Mathematical techniques,21,22,24,26 which were previ-
ously applied to study caustics of acoustic waves, remain
equally useful in the analysis of AGWs. However, the alge-
bra proves to be considerably more cumbersome in the
AGW case, which can be traced back to the AGWs having
two restoring forces (buoyancy and compressibility) vs a sin-
gle restoring force in the acoustic case, and to inherent ani-
sotropy of the propagation medium for AGWs.
A uniform asymptotic expansion of the field of atmos-
pheric waves in the presence of a simple caustic has been
derived assuming that the spatial scale L of the sound speed
and wind velocity variations is large compared to jm0j"1,
where m0 is the representative value of the vertical wave-
number away from turning points. No restrictions were
imposed on the spatial scale or magnitude of the vertical var-
iations of background density or pressure. For AGWs, the
condition that the scale height h, Eq. (8), be large compared
to jm0j"1 is needed for the validity of neither the WKB
approximation30 nor the caustic asymptotic expansion equa-
tion (18). Instead, short-wave asymptotic solutions for
atmospheric AGWs reduce to those for acoustic waves when
the condition jm0jh/ 1 is met.
To simplify the derivation of the uniform asymptotic
expansions in Sec. III we assumed that, in the vicinity of a
turning point, there are no other singularities of the WKB so-
lution, which can occur when either xd or xd
2 – gk equals
zero. We will now show that these are not additional inde-
pendent assumptions. In fact, these requirements are met
automatically in a fluid with slowly varying composition,
temperature, and flow velocity as long as Lm0
"2dm2/
dz¼O(1). Indeed, it follows from Eq. (13) that m2 ! 1
when xd! 0. Since L is a spatial scale of m2 variations, the
turning point is separated from the critical heights, where
xd¼ 0, by a distance O(L) or larger. It is shown in Appendix
A of Ref. 30 that the point where xd
2¼ gk is not a singular-
ity of the WKB solutions unless the condition xd
2¼ k2c2
is met simultaneously. When xd
2¼ gk¼ k2c2, m2¼"g2c"4(1
– c/2)2 and is not close to zero, according to Eq. (13). Hence,
there are no other singularities in the O(L) vicinity of the turn-
ing point. It was shown in Sec. IV B that such a vicinity is
large enough for the turning point asymptotic expansion to
reduce to the WKB solution away from the turning point.
The uniform asymptotic solutions, Eqs. (37) and (40),
predict that, in the limit of very large values of jm0jL, the
amplitude of the wave-induced pressure perturbations is
amplified by a factor O((jm0jL)1/6) at the turning point. For
finite values of jm0jL, the predicted amplification is modest
as the exponent is small, e.g., (jm0jL)1/6 - 1.7 when
jm0jL¼ 25. In practice, the amplification due to wave dif-
fraction can be overshadowed by the background density
variations with height and, even in the reduced pressure per-
turbations q"1=2 ~p and q"1=2p; can be comparable to effects
of other factors, such as r"1/2 in Eq. (37) [Fig. 2(c)].
In the WKB solutions, Eqs. (15), (60), and (61), the
eikonal (phase integral) u, and the Berry phase v appear
only in the combination u þ v. The eikonal and the Berry
phase are split and appear in rather different ways in the uni-
form asymptotic solutions Eqs. (37), (40), and (41). This is
to be expected because ut and vt exhibit rather distinct
behavior at z ! zt: jutj 1 jz – ztj3/2, jvtj 1 jz – ztj1/2. If Eq.
(39) for the argument of the Airy function contained the
wave phase u þ v instead of the eikonal, then U(T) in Eq.
(38) and U(sL2/3) in Eq. (18) were not smooth functions of z,
contrary to the assumptions we made in the derivation of the
uniform asymptotic solutions.
Unlike the uniform asymptotics of the acoustic field in
the vicinity of a turning point, the leading-order term of the
uniform asymptotic expansions for the pressure perturba-
tions in an AGW contains both the Airy function and its de-
rivative; see Eqs. (38) and (40). The cosine and sine of the
Berry phase determine the weights of the terms with the
Airy function and its derivative in the uniform asymptotics
Eq. (38). Having a linear combination of U and U/ in Eqs.
(38) and (40) should not be surprising. In fact, it is necessary
for the uniform asymptotic solution to give two waves with
phases 6(u þ v) and to reduce to the WKB solutions away
from the turning point unless v is identically zero.
The theory developed in this paper is based on linear-
ized equations of mechanics of ideal fluids. Analyses of
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nonlinear effects and effects of viscosity, thermal conductiv-
ity, and other mechanisms of AGW dissipation are beyond
the scope of this work. From estimates of the nonlinear terms
discarded in the process of linearization of the hydrodynamic
equations it follows55 that, for the linear approximation to be
valid, wave-induced perturbations in the flow velocity
should be much smaller than the phase speed x/k of the
wave trace on the horizontal plane. The linear asymptotic
solutions (15), (37), and (41) predict exponential growth
with height of the amplitude of the horizontal and vertical
components of oscillatory velocity of fluid parcels. This is
due to exponential decrease of fluid density with z. Unless
the growth is arrested by various dissipation mechanisms,
which become increasingly important at larger heights,3,32
the nonlinear effects should be taken into account at heights
where wave-induced velocity perturbations become compa-
rable to x/k.
VI. CONCLUSION
The main results of this work are the uniform, Eqs. (18),
(38)–(42), and local, Eqs. (44)–(48), asymptotic solutions for
the AGW field in the vicinity of a turning point, as well as
the simple linear relations, Eqs. (62), between amplitudes of
the WKB solutions on the “lit” and “shadow” sides of the
turning point. The asymptotic solutions are obtained assum-
ing that the characteristic spatial scale of vertical variations
of the sound speed and background flow velocity (wind in
the case of atmospheric waves) is large compared to the re-
ciprocal of the vertical component of the AGW wavevector
away from the turning point. The theory presented in the
manuscript can be viewed as an extension to AGWs of the
earlier asymptotic theory21,22,24–26 of sound diffraction in the
vicinity of a turning point, as well as an extension of the
WKB approximation for atmospheric waves30,46 to waves
with turning points. The new asymptotic solutions are shown
to reduce to previously established results21,22,30,49 for sound
and AGWs in the appropriate limiting cases.
Perhaps the most conspicuous difference between the
ray, or WKB, approximations for acoustic and AGWs is the
appearance of the geometric (Berry) phase30,40,41 in the latter
case. The Berry phase also features prominently in the
turning-point asymptotics. There, in contrast to the WKB
approximation,30,46 the Berry phase is uncoupled from the
eikonal and changes the structure of the dominant term of
the AGW asymptotic expansions as compared to their acous-
tic counterparts.
The uniform asymptotic solutions manifest the smooth-
ness of spatial variation, boundedness, and wave energy con-
servation properties, which are inherent to AGW fields.
While divergent at the turning point and inapplicable in its
vicinity, the WKB solution is shown to contain all the infor-
mation necessary to construct a uniform asymptotic expan-
sion of the AGW field in the presence of a turning point.
At an AGW reflection from a turning point, waves on
the acoustic (buoyancy) branch are found to experience a
p/2 phase loss (gain), respectively.
The caustics corresponding to turning points of quasi-
plane waves in layered media are horizontal planes. These
are the simplest kind of caustics. Further research is required
to extend the results reported in this paper to more general
caustics of AGWs in ideal layered fluids and to non-ideal
(i.e., viscous and thermally conducting) and three-
dimensionally inhomogeneous fluids.
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